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Defect Stream Function, Law-of-the-Wall/Wake Method
for Turbulent Boundary Layers

Richard W. Barnwell*
NASA Langley Research Center, Hampton, Virginia

Richard A. Wahlst and Fred R. DeJarnette?
North Carolina State University, Raleigh, North Carolina

The application of the defect stream function to the solution of the two-dimensional, incompressible boundary
layer problem is reexamined. A law-of-the-wall/law-of-the-wake formulation for the inner part of the boundary
layer is presented that greatly simplifies the computational task near the wall and eliminates the need for an eddy
viscosity model in this region. The eddy viscosity model in the outer part of the boundary layer is arbitrary.
Formulations for both equilibrium and nonequilibrium boundary layers are presented, and results are compared with
previous methods for equilibrium boundary layers. The present treatment eliminates the need for resolving the flow
in the inner part of the boundary layer computationally, thereby improving computational efficiency.

Introduction

HE law of the wall for turbulent boundary layers, with

the law of the wake as a corollary, is one of the most well
established, widely accepted, and accurate empiricisms in fluid
mechanics. The general purpose of the present research is to
exploit the law of the wall and law of the wake in order to
improve both the accuracy and the efficiency of computa-
tional fluid dynamics. These laws are used to model the flow
in the inner part of turbulent boundary layers where they are
most applicable; the outer or defect part of the boundary
layer is solved computationally. The increase in efficiency
results from the elimination of the need to resolve the inner,
or high gradient, part of the boundary layer computationally;
and the increase in accuracy is due to the replacement of inner
layer eddy viscosity empiricisms with more accurate law-of-
the-wall/law-of-the-wake empiricisms.

In the initial effort at solving this problem,! the present
authors combined an integral treatment of the inner layer
with a finite-difference treatment of the outer layer. The
critical implementation feature was the algorithm developed
to interact the inner and outer treatments. The problem was
formulated in terms of the conventional stream function, and
solutions were obtained for incompressible flow over a flat
plate, a two-dimensional circular cylinder, and two-dimen-
sional elliptic cylinders. Most of the results of Ref. 1 are for
the lowest order approximation for pressure-gradient effects,
which ignores these effects in the inner layer. These results
clearly indicate the need to account for pressure gradient
effects in the inner region when these gradients are large, such
as in the case of circular and elliptic cylinders. Although
successful computations were made and reported in Ref. 1 in
which pressure gradient effects were accounted for in the inner
region, a fair amount of numerical difficulty was encountered
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in these computations. In the present effort, it was found that
numerical problems of the type encountered can be reduced
considerably if computational steps in the interaction al-
gorithm are replaced, when possible, with equivalent analyti-
cal steps.

The present analysis is formulated in terms of the defect
stream function used by Mellor and Gibson? and validated
experimentally by Clauser® rather than the conventional
stream function. The defect stream function has been chosen
because it properly characterizes the flow in the outer region
of the boundary layer, which must be solved numerically, and
because it has the remarkable property of having a first
integral, to lowest order in the nondimensional shear stress
velocity ratio, in the direction normal to the surface. This
property facilitates the implementation of the integral treat-
ment in the inner region.

Two major problems with the defect stream function for-
mulation encountered in Ref. 2 concerned the enforcement of
law of the wall behavior near the wall and the implementation
of the wall-layer eddy viscosity model. The computational
complexity Mellor and Gibson encountered in the inner re-
gion probably explains the general lack of popularity of the
defect stream function formulation. The present approach
completely overcomes this complexity.

There are several other current methods that use a law-of-
the-wall formulation in the inner region. Wall function meth-
ods such as that of Viegas et al.* Simply patch the numerical
and analytic solutions at the first grid point and employ an
eddy viscosity model throughout the boundary layer. The
recent method of Walker et al.® is similar to the method of
Ref. 1 in that it uses the conventional stream function and
interacts inner layer analytic solutions with outer layer numer-
ical solutions at a point determined in the analysis. Wilcox®
employs the defect stream function formulation but uses an
eddy viscosity across the entire boundary layer; he does not
make use of the first integral property of the defect stream
function formulation. None of these methods includes the
wake function.

Defect Stream Function Formulation

The basic formulation parallels that of Mellor and Gibson.>
However, the present development includes nonequilibrium
boundary layers; and the eddy viscosity model for the present
treatment is much more general than that of Ref. 2. In fact, it
is unnecessary to specify the eddy viscosity in the inner layer
at all.
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Basic Equations

The governing equations for incompressible turbulent
boundary layer flow are

du Ov
—4+—=0 1
=ty M
ou Ju dUu ¢ Ou
= hdo & Suh AR o 5
”ax+”ay de 6y|:(v+v')6y:| @

where x and y are the normal and tangential coordinates, u
and v the respective velocity components, U the edge velocity,
and v the kinematic viscosity. The sum of v and the eddy
viscosity is

v+v,=K(xy)o*U 3)

where K is a general nondimensional function of x and y and
6* is the displacement thickness.

In this treatment the defect stream function of Clauser? is
used. This function is defined as

-U
fEn == (4)
U
where
{=x, n=§

The prime denotes differentiation with respect to #, and the
shear stress velocity u* is defined as

T 1/2
u* ==
&)

where p and t,, are the density and the shear stress at the wall.
The boundary layer thickness parameter A is defined as

=, U= u Us*
A=—L f(é,n)dy—;—*ﬁ (1—5)@— o
T

u*A = Ud* (5)
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Partial derivatives with respect to x and y are of the form

0o 0 Ao d 10
v T e n (©)
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where the dot represents. differentiation with respect to &.

Law of the Wall and Wake

It is assumed that a law of the wake and wall for the inner
part of the boundary layer is known. This law is of the form

u

—=8(y") +h&n) @)
u

where g(y*) is the wall function and A(&,n) is the wake

function. The inner variable y* and the Clauser pressure
gradient parameter f are defined as

L _ut

y =2 = Reg (82
5*

p=2 % (8b)
7, dx

where p is the pressure and the Reynolds number based on the
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edge velocity, and the displacement thickness is

Us*  u*A
Res. = £
v v

For nonequilibrium flow, the parameter § is a function of x
and hence ¢&; for equilibrium flow, the parameter f is a
constant. In the present treatment it is assumed that the law
of the wall is of the form

1
§U) =~y +B ©

Shear Stress Velocity Ratio
The nondimensional shear stress velocity is defined as

u*
7

In the present treatment, the ratio y is evaluated with the law
of the wall/wake. From Egs. (4) and (7), it is seen that at the

match point #,, between the inner and outer parts of the
boundary layer u can be expressed as

UyA
u= u[g(—{— n,,,) + h(é,nm)] = U+ u*f &)

The equation for y used in this paper is obtained from this
equation as

Y=(gn+th,— )" (10)

In the analysis that follows an expression for the gradient of
y with respect to ¢ is needed. Differentiation of the expression

above yields
dg . ,
p= Y — ) vt +h,—f 11
i v[(dy+>mym+ m fm] (1D
With Eqgs. (8) and (9), the expression
dg ., dg (7 U A\ 1(y U A
dy*y _dy+y y+U+A Tk y+U+A
is obtained. Equation (11) can be written as

U vk <1+AU> Ak, —f,

= — )
U l1+y/x AU) B 1+y/k

(12)

The derivative 1,, has been neglected because, as can be seen
later, the lowest order term in #,, is small and generally does
not vary with £,

Governing Equation

Now one equation for the defect stream function f can be
written. With Egs. (4) and (6), the gradients of u with respect
to x and y are found to be

614 . . rr A 1
—=U0+y")+Uif + Uyf —Knva

Ox
ou Uy .,
- al

From Eq. (1), the continuity equation, the v component of
velocity is found to be

Y Ou . .
v=—f ady=—UA(n +9f) — UAf

0

+ AUy —f) — AUy (13)
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Equation (2), the tangential momentum equation, is

%(K ")'—(1+—
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Let s be a nondimensional tangential coordinate of the form

s=f%d5

With this definition, and Eq. (12), the tangential momentum
equation can be written as

1 "y s " /
B(Kf)—( >(f('1+vf)+1Jr e
’ n2 " V/ﬂ dhm__df:n
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Boundary Conditions

There are three boundary conditions for . From Eq. (13)
for v, the normal flow boundary condition at the surface,
v =0 at y =0, is observed to correspond to

=0, n=0
The value of f,, is obtained from the definition of the

displacement surface:

Us* =J (U—uwdy= _“*AJ [ dn =u*A[f(0) — f..]
0 0
It follows that

fo=—1 (15)

The final boundary condition involves the shear stress at
the wall. The condition is

TW
—= = lim (v + v,)
p  y—o

or

'}IE}) K@Emf & =1 (16)

These boundary conditions are the same as those of Mellor
and Gibson? if K(&,n) is replaced by the Clauser constant k.

First Integral of Governing Equation
Equation (14) can be written as

K Au (=)
G L

v/B (dh, dfy,
(G- Ja s
1of vyof AUN1—yp/x
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RS Pt
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With the boundary condition (16), this equation can be inte-
grated across the boundary layer to evaluate the quantity
1 + (AU/AU). This value is

1L Au
+E—
7Y/ 1 y dG\ y [/dh, df,,
_(l+;><ﬂ+2 yG+EdS>+B<E¥— >(1—2 G)
1—yG<1—2>
K
=1+L (17)

m(s)

* where
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0
Therefore, the integral of the governing equation for arbitrary
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The equilibrium form of this equation is the same as the
governing equation of Mellor and Gibson.?

As noted in Ref. 2, the nondimensional shear stress velocity
ratio y is a small parameter. As a result, the defect stream
function can be expanded in terms of y as

f=h+h+
The zero order forms of Eqs. (17) and (18) are

a_fo

o Ko+ (4 20nfo—fo— (19)

Formulation for Large §

This treatment corresponds to that of Ref. 2. It covers the
case of adverse pressure gradient. Mellor and Gibson define a
“pressure velocity” as

3% dp\2
v=(7%)

This quantity is related to »* and f as
u, = B u*
Now define the quantities

S=pfs, N=p"y,
It follows that

FSN)=f(sm), A=B"

S u-U y
S FEN ==
h(s,n)

ﬁl/z

F/(S,N) =

H(S,N) =
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The first integral of the governing equation is

JOF 1 ,_(1—AF)F
(1—iF) 7 = KF —(1+m>[NF ——1+,1/(/31/2K)]

N A dH, dF,
1+ 2B P\ dS ~ dS
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1
1 —AF)F +2F — =
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m) L+ A)(BY%k) 1+ A/(B'k)
dH,, dEN\T (™ ., R
x(E—— dS)]L F) dN—anL (F)*dN  (20)

The boundary conditions are
F(0) =0, F,o=—1

Here, and in Ref. 2, these forms are used for values of f
greater than one.

Inner Region Treatment

It is this treatment that most distinguishes the present
method of solution from that of Mellor and Gibson.2 In
effect, the treatment replaces the surface boundary condition
with a condition at the boundary between the outer and inner
regions of the boundary layer. The inner region is defined as
* that part of the boundary layer where the empirical law of the
wall and wake pertain. The outer region is defined as that part
of the boundary layer where the outer eddy viscosity model
pertains. In general, there is one point, the “match point,”
where both the law of the wall and wake and the outer eddy
viscosity model are both correct.

The term “match point” should not be construed to mean
that the inner and outer solutions are being matched in the
formal sense. Actually, these solutions are being patched at
one point. As discussed in Ref. 1, this procedure is completely
analogous to patching the inner and outer eddy viscosity
models in zero-equation formulations.

It should be noted that the inclusion of the wake function
in the inner layer empirical expression means that the match
point is not confined to the logarithmic part of the boundary
layer.

Equation Relating f and f”

An equation can be established that relates f and f’
throughout the inner part of the boundary layer. This equa-
tion is obtained by integrating Eq. (4) by parts and using Egs.
(7) and (9). The result is

1 n
f=n<f’—->—f nh’ dn 2n
K 0

The use of this equation at the match point ensures the
continuity of f and f’. The match point is positioned so that
the derivative f” is continuous.

Match Point Location

The match point location is determined with Eq. (18), the
first integral of the tangential momentum equation, and Eqs.
(7) and (9) for the law of the wall and wake, which are used
to evaluate the f” term in Eq. (18). The terms containing
derivatives with respect to s, which are small in the inner part
of the boundary layer where the match point is located, are
simply neglected. Equation (21) is used to relate f to f” and
the wake function. With some manipulation, the equation for
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the match point location 7, is found to be

K _ B § 1\ 1+lm
+ 1——1- f’ _._1. 2+i 2 Kn b
N = NWm =)+ |(m = Kitmh 1)
+ b [<3+l>+<1_l>2_),<1+l)
1+7y/x m mJ K m
, 1 L ¥B 1
x (fm—;>:|’7mj; nh'(n) dy 42 5w [<1+;>
b w1\
+<1—%>]ﬂm J; (f —;)nh (n) dn (22)

Now consider the wake function. One of the most widely
accepted wake functions is that of Moses’:

An\? An\?
en =210 (3 AF)] @

where 6 is the boundary-layer thickness. The ratio A/é and the
coefficient IT are functions of f§, and g is a function of £.
White® approximates IT as

4( 1\
= <ﬂ + 5) (24)

Because the wake function in Eq. (23) is of order 2 near
the wall, all of the terms in Eq. (22) with integrals are of order
yn%, near the wall except one, which is of order #2,. It will be
shown that y and #,, are small. Therefore, it is concluded that
the integral terms in Eq. (22) can be neglected.

The equation for the match point location is

An? — 5=o 25
Mim = m + (25

where

__ B A 1N 1+ 1m
4= 149/k {2<1 _mrc>(f'" rc) K
y , IV o1 12 TIK An,,,
) U ) +l e ()

and where the wake function of Moses has been used. The
lowest order approximation for A in the limit of small y is

1 12 IIK
A =2ﬂfm+;+?m

The solution for 7, is

1-/1—44K/x 26

N = 24

The expanded form of this solution is

K (K (K
Mm=—+A( =) +24=) + -
K K K

Since the value for K can at least be characterized by the
Clauser constant k = 0.016 at the inner edge of the outer
region, it is concluded that #,, is relatively small.

Equilibrium Boundary-Layer Solution

A one-parameter shooting technique can be used to solve
this problem. The parameter is f,,, and the condition to be
satisfied is the far-field boundary condition, Eq. (15). A value
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for 17, is guessed, and Eq. (26) is solved for 7,,. A value for f,,
is obtained from Eq. (21), which can be written with the aid
of Eq. (23) as

B 1 TII/An,,\? Aq,,
oo () (2%

The equilibrium form of Eq. (18), which is written as

R () el (S

_ INT—=y/e (",
_—By[l+<1+m>l+v/K]L(f)zdn

is integrated across the boundary layer, and the value of 1 is
compared with — 1. The value of f}, is iterated until the value
of f, converges to —1.

Analytical Solution for f = —1/2

A closed-form solution exists for the lowest-order equi-
librium flow case involving the most favorable pressure gradi-
ent (f = —1/2). The lowest-order governing equation for
equilibrium flow with f = —1/2 and K replaced by the
Clauser constant k is

Kfs—fo=1

Equation (24) for IT shows that the wake function vanishes
for f = —1/2. Therefore, Eq. (21) has the form

1
fb,m =Mm (fé),m - ;)

The equation for 1, is

_V 1 + 4f6,mk/(rlmx) -1

Hm =
2f 0o,m / "m

The solution is

k —
folo) = — exp(i’;"cl—/z”) -1

Kt

where

M = 1120 — k"2 = J(c — k22 — 4k]

The defect velocity 18
-U k172 -
u-U_,_ K" exp("_m_'z)

and the shear stress velocity is

u* 1 Us* k2t
e [ )]
U K v K,

Results and Discussion

Present solutions for incompressible, equilibrium boundary
layers have been computed with the asymptotic, or zero order,
and full-equation forms of the present method. As discussed
previously, the asymptotic form is taken in the limit of
vanishing shear-stress-velocity to edge-velocity ratio, y = u*/
U. All present solutions have been computed with the wake
function.

The equilibrium boundary-layer problem is solved easily
using a shooting technique. A value of f}, is iterated until the
far-field boundary condition of f is satisfied. A fourth-order
Runge-Kutta routine® is used to integrate across the outer
region on the boundary layer. The empirical parameters are
chosen to conform with the method of Mellor and Gibson*:
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the von Karman constants k and B are given the values 0.41
and 4.9, respectively, and the outer-region eddy viscosity
constant k is given the value 0.016.

The present solutions are compared with the full-equation
equilibrium solutions of Mellor and Gibson.? All of these
results are for a Reynolds number based on edge velocity and
displacement thickness (Rez) of 1 x 10°. The comparison
shown in Fig. 1 includes the zero-order closed-form solution
for the most favorable pressure gradient, f = —1/2. The
present zero-order numerical solution is seen to be in com-
plete agreement with the closed-form solution and in close
agreement with Mellor and Gibson’s full-equation solution.

It should be noted in Fig. 1 that the present method has
resolved a turbulent boundary layer with only 11 grid points.
It is fair to question the accuracy of a solution with so few
grid points. Figure 2 compares various grids for a typical g
and shows that the 11-point solution is in agreement with the
51- and 101-point solutions. Only the six-point solution devi-
ates noticeably from the fine-grid solutions. On the basis of
these observations, the present solutions were computed with
11 uniformly spaced grid points. The first grid point is always
at the match (patch) point, and the edge value of # is fixed.
During the iteration of f, the first grid point, 7,,, shifts with
f.. according to Eq. (26). The uniform grid is recomputed for

fl
= g = —-0.5
is B Jay zero—order; outer
) | ——- zero—order; inner
- analytic; zero—order
: -------- Melior & Gibson
oo, L b b bbb e d
0.0 A 2 .3 .4 .5 .6 7
n
Fig. 1 Defect velocity profiles, § = —0.5.
0. —
’__
=
L
-5, —
F’ -10.

B =2
—-15. 101 & 51 point grid
: + 11 point grid; outer
- o 6 point grid; outer
P I NN A RSN SRR AR RE RRERE
0.00 .05 10 .15 .20 .25 .30

N
Fig. 2 Grid resolution comparison, f =2.
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each value of f,,. This grid procedure was used for conve-
nience rather than necessity as the grid points other than the
first could have been fixed. By eliminating the inner-layer
computations, a grid-point savings on the order of 50% was
realized as was the case in Refs. 1 and 5.

Equilibrium defect profiles are presented in Fig. 3 for a
representative small-g case (8 < 1); and in Fig. 4, results are
presented for a representative large-f case (§ > 1). It can be
seen in these figures that the full-equation form of the present
method compares extremely well with the full-equation solu-
tions of Mellor and Gibson. Even more important is the
excellent agreement of the present zero-order solutions with
the full-equation solutions. The simplicity of the zero-order
approach and its excellent results make it a desirable alterna-
tive to the full-equation approach.

The differences seen in the inner region are caused by the
differences between Mellor and Gibson’s inner region eddy
viscosity model and the present analytic combination of the
law of the wall and law of the wake. Mellor and Gibson’s
solutions approach the law of the wall in the limit as n goes
to zero. As will be seen later, Mellor and Gibson’s approach
allows a large deviation from the law of the wall and wake in
the inner region. This effect becomes more noticeable with

e
a®
@&
fl
g =20
o full eqns; outer
full eqgns; inner
- o zero—order; outer
: —- zero—order; inner
e Mellor & Gibson
oo, Wittbirer b benn s bbb b
0.00 .05 .10 .15 .20 .25 .30 .35 .40 .45
n
Fig. 3 Defect velocity profiles, § =0.
0. — . gty - ks °
B /@__g 5--6---6-
- &
- /,
4
B &
-5. :_— //
B »
//
F’ -10
g =4
o full egns; outer
—-15. |- full eqns; inner
[~ A zero—order; outer
: —- zero—order; inner
I Mellor & Gibson
—op, Lo bbb b b by
0.00 .05 10 .15 .20 .25 .30 .35

N
Fig. 4 Defect velocity profiles, f =4.
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increasingly strong adverse pressure gradients (increasing f).
Solutions for values of § greater than about 8.6 cannot be
obtained for the values of the Clauser constant and von
Karman constants used here unless the size of the law of the
wake coefficient II is reduced. This failure to get a solution is
consistent with the observations of Mellor and Gibson and
others that IT varies as '/ rather than B3 for large B.

Results for the shear stress velocity to edge velocity ratio, y,
from the present solutions are compared with the results of
Mellor and Gibson in Fig. 5. The two sets of results are in
close agreement but are not identical.

The present method for evaluating y differs substantially
from that of Refs. 2 and 5 and others in that the value of y is
obtained from a patching of the inner and outer solutions at
a particular point in the present method whereas a matching
of the outer limit of the inner solution with the inner limit of
the outer solution is used in the other methods. These meth-
ods are similar to the present method in that inner and outer
eddy viscosity models are patched at a point analogous to the
present patch point; the matching is done in a region much
closer to the wall where the inner eddy viscosity pertains. The
equation Mellor and Gibson used to evaluate 7 is very similar
to Eq. (10), the equation used in the present method. The
difference is one of application: Eq. (10) is evaluated at a
point a finite distance from the surface in the present method,
while the equation used by Mellor and Gibson is evaluated as
close to the surface as possible (the inner limit of the outer
solution). As a result, the values of y obtained by Mellor and
Gibson are smaller than those obtained by the present
method. However, larger values for y can be obtained from
the results of Mellor and Gibson by evaluating their equation
at the point where the eddy viscosities are patched.

The inner region velocity profiles of the present method
differ from those of Mellor and Gibson. The differences
increase with increasingly strong adverse pressure gradient
(increasing B) and are best displayed using inner variables
(u™*,p™*). Figure 6 shows the 8 =4 case. It is clear in this
figure that, although the inner solutions are identical near the
wall, Mellor and Gibson’s solution deviates from the logarith-
mic behavior at least an order of magnitude (in y* units)
closer to the wall than the present solution. In view of this
difference, a comparison with experimental data seems appro-
priate. Figure 7 compares the present solution with experi-
mental data taken from Ref. 9 for Clauser’s® second
equilibrium flow. The data shown in Fig. 7 correspond to
profile 2305 in Ref. 9. For this profile, g =7.531, and the
Reynolds number based on edge velocity and displacement

.04 —

03 |- %\9

01 —

o full eqns
: & zero—order
= o Mellor & Gibson
O_OOrIII|IIII|J_[11|[IIII!I1JJ
-2.5 0.0 2.5 5.0 7.5 10.0
B

Fig. 5 Skin friction comparison, Re;. = 105,
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Fig. 7 Inner variable profiles, § =7.531, Re;. = 30,692.5.

thickness is 30,692.5. Figure 7 shows excellent agreement
between the experimental data and the present solution.
Given the large value of f, one would expect less agreement,
especially in the logarithmic region, between a Mellor and
Gibson solution and experiment. The present solution and
experiment were also in close agreement for y (1.16% differ-
ence). Present solutions were computed and compared with
experimental data from Ref. 9 for many values of f, and good
agreement was generally observed.

Another feature of the present solution can be observed
quite well in Fig. 7. Notice that the match point of the present
solution is well beyond the logarithmic region. This result
demonstrates the necessity for including the wake function in
the present formulation. For all present solutions, the wake
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function aliows the match point to move beyond the logarith-
mic region thus extending the usefulness of the analytic inner
layer model and further reducing the region that must be
resolved numerically. As expected, the influence of the wake
function increased as f increases.

Concluding Remarks

The application of the defect stream function method of
Mellor and Gibson? to the solution of the two-dimensional,
incompressible boundary-layer problem has been reexamined.
This formulation is of particular interest to the numerical
analyst because it has a zero-order approximation for which
the tangential momentum equation has a first integral. The
approximate form is obtained in the limit of vanishing shear-
stress-velocity to edge-velocity ratio. The present results show
that the agreement between the full-equation and zero-order
forms of the equilibrium boundary layer equations is excellent
for both large and small values of the Clauser pressure
gradient parameter.

The lack of popularity of the Mellor and Gibson formula-
tion is probably due to the difficulty encountered in enforcing
the no-slip surface boundary condition expressed in terms of
the defect stream function. The present method overcomes
this difficulty with a law-of-the-wall/law-of-the-wake formula-
tion for the inner part of the boundary layer, which is
mathematically patched to the outer formulation and imple-
mented as a boundary condition. This formulation eliminates
the need for an eddy viscosity model in the inner region.

The present solutions for equilibrium boundary layers show
excellent agreement with previous numerical results and ex-
perimental data. In the inner region, where previous numeri-
cal results have deviated from experimental data, the present
results show good agreement with experiment. Since numeri-
cal solutions are not needed in the inner region, the grid
required for a given accuracy is reduced by approximately
50%. Converged solutions have been obtained with as few as
11 grid points across the boundary layer. The results show
that the use of the wake function permits patch point loca-
tions beyond the logarithmic region.
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